Introduction
Let M be an m-dimensional, C k manifold in R n , for any k, m, n ∈ N, and for any τ > 0 let When M = R n the following results are well known:
dim L τ (R n ) = n − 1 + 1 + n 1 + τ , if τ > n,
where | · | denotes Lebesgue measure of a set and dim denotes Hausdorff dimension.
These results also hold for open subsets of R n . When m < n, it is shown in [6] and [7] that if the manifold M satisfies suitable non-zero curvature conditions then (1) and (2) also hold with M in place of R n (with | · | denoting the induced Lebesgue measure on M ). Furthermore,
see [2] for the case of C 3 planar curves and [3] , [5] for more general manifolds. With regard to the set S τ (M ), it is known that
see [6] . Thus, if M satisfies suitable non-zero curvature conditions, the results for the set L τ (M ) closely parallel the 'classical' results for L τ (R n ), and also the results for the measure of the set S τ (M ) follow the pattern of those for S τ (R n ). However, very little is known in general about the dimension of S τ (M ) when τ > 1/n. Some estimates for dim S τ (M ) are discussed in [3] in some special cases. For instance, if M is a C 3 planar curve Γ ⊂ R 2 with non-zero curvature everywhere then combining Baker's result in [2] with Khintchine's transference principle yields the bounds
see Section 4.4.1 of [3] (similar estimates for the case of Cartesian products of curves are given in Section 5.4.4 of [3] ). In these general estimates the lower bound goes to zero for sufficiently large τ , while the upper bound remains strictly positive. Some specific examples show that for such planar curves the actual dimension dim S τ (Γ) may exhibit either of these types of behaviour. For instance, it is shown in [4] 
On the other hand, it is shown in Theorem 4.8 of [3] that if l ≥ 3 is an integer and
then the set S τ (Γ l ) is finite when τ > l − 1, and hence
These results indicate that for planar curves the condition that the curvature be non-zero everywhere is unable to distinguish between curves Γ for which dim S τ (Γ) > 0 and those for which dim S τ (Γ) = 0, for all τ sufficiently large. However, it is often found that curves are the hardest case in the theory of Diophantine approximation on manifolds, while manifolds with large dimension and relatively small codimension are easier to handle. Thus the question remains as to whether there is some non-zero curvature condition on some class of manifolds which will distinguish between these cases.
In this paper we will show that no such condition is possible. More precisely, it will be shown that for any
to M (the meaning of this will be described below) such that for all sufficiently large τ ,
It follows that any analytic condition which requires that some quantity which depends continuously on the manifold (in a C k sense) be non-zero will be unable to distinguish between these two cases (this result includes non-zero curvature conditions, which depend continuously on M in a C 2 sense). Hence, arithmetic conditions, such as M being equal to S 1 or Γ l , seem to be required to distinguish the two cases.
The main results
To give a precise meaning to the term 'C k -close' we require some further notation.
n , all of whose derivatives up to order k extend continuously to Ω will be denoted by C k (Ω, R n ), see [9] . The standard norm on C
We first consider the case where M is a graph over the plane of the first m coordinates, that is, M has a parametrisation φ ∈ C
Proof. Suppose that τ > 2k−1, > 0 and choose an arbitrary δ such that 0 < δ < 1 and
for some constant c 1 independent of α. Now suppose that we have chosen an integer b ≥ 2 (a precise condition on b will be given below) and for any i ∈ N we define the following set of 'rational' points in R 
where, for arbitrary sets A, B ⊂ R n , we write
Lemma 2. For any i ∈ N, if r, s ∈ R n (i) and r = s then
Proof. Suppose that for j = 1, 2, we have p j ∈ Z, q j ∈ N, with b
The lemma follows immediately from this result.
We will construct, inductively, a sequence of functions ξ i ∈ C k (Ω, R n−m ), i ≥ i 0 , with corresponding graphs M i , where the starting value i = i 0 will be 'sufficiently large' (the conditions on i 0 will arise in the course of the construction). Let ξ i0 = ξ, and suppose that ξ i , with i ≥ i 0 , has been constructed. Let
where e n = (0, . . . , 0, 1) ∈ R n and c 2 > 0 will be chosen below. Geometrically, we have perturbed the manifold M i by adding a 'bump' onto the portion of M i lying near any of the points in the set P (i) to produce the manifold M i+1 , and it will be seen that M i+1 does not lie 'near to' any of the points in R n (i) (c 2 will be chosen sufficiently large to ensure this).
It follows from Lemma 2 (and its proof) and the choice of δ that if i 0 is sufficiently large then for any distinct points r 1 , r 2 ∈ P (i) we have |π m (r 1 )−π m (r 2 )| ≥ b −2−2i . Also, by the construction, the radius of the support of θ k,α , that is, the 'width' of the bumps is α 
(c 2 is chosen to ensure that (10) holds -the choice depends only on the maximum value of the 'slope' of M i , that is, on |ξ i | 1 , and it will be seen that c 2 can be chosen independently of i).
n−m ) to a function which we denote by ξ z , which yields a limiting manifold (graph) M z . From (8)- (10) we obtain the properties,
if b is sufficiently large. We note that it follows from (11) that we can choose c 2 independently of i and b, and then we choose b depending on c 2 . It also follows from (11) that we can choose i 0 sufficiently large that |ξ z − ξ| k < . In addition, it follows from (7) and (12) that S τ (M z ) = ø. This completes the proof.
Theorem 1 can be extended to the case of a general
To do this we cover M with a collection of local coordinate charts, in the form of graphs, and apply the construction in the proof of Theorem 1 to each of these charts to obtain the desired manifold. Such argument are, essentially, standard so for brevity we merely sketch the argument.
For definiteness, we adopt the definition of a manifold as given in Section 3 of [1] . It is shown in Section A5 of [1] that any such manifold M is paracompact, so that every open covering of M has a locally finite, open refinement covering M . Hence, by combining Corollary A5.3 in [1] with the discussion in Section 1.4.2 of [3] regarding representing manifold charts as graphs, it follows that M can be covered by a countable, locally finite collection of local charts, each of which has the form of a graph φ j over a ball B 2rj (u j ) ⊂ R m (of radius 2r j and centre u j ) when the coordinates are suitably labelled, such that the images φ j (B rj (u j )) cover M . We now apply the above construction to the graph over each of the balls B rj (u j ) (the values of b and i 0 chosen in the construction may vary with j). The local finiteness of the covering ensures that the perturbation can be kept arbitrarily small, and applying the construction over the balls B rj (u j ), rather than B 2rj (u j ), enables us to avoid problems due to the 'bumps' intersecting the boundaries of the balls. We also have to keep the perturbation small enough to avoid self-intersections of the perturbed manifold. This process yields the following result (the meaning of the term 'C k -close' should be clear from this discussion -we will not attempt to give a formal definition).
Theorem 3. For any
Next we construct the manifold M p mentioned above by making arbitrarily small local perturbations of M (the proof gives the precise meaning of this).
Theorem 4. For any
Proof. Choose an arbitrary x 0 ∈ M and > 0. We may suppose that M has a 
